A number of researchers developed the finite element models technique to study the dynamic analysis of composite laminated beams. Most of the models are based on two approaches. In the first approach, formulations are based on approximate shape functions such as the work of [1]- [7] , and recently [8] . In the second approach, exact shape functions which are based on the static solution of the governing equilibrium equations, such as the work of [9] . Based on first-order shear deformation, [1] developed a finite element model to study the free vibration characteristics of composite laminated beams including the effects of shear deformation and bi-axial bending and torsion. Reference [2] presented a finite element model to investigate the natural frequencies and mode shapes of laminated composite beams. Reference [3] analyzed the composite laminated beams using a two-noded curved composite beam element with three degrees of freedom per node. The formulation incorporated Poisson's effect and the coupled flexural and extensional deformations together with transverse shear deformation. Reference [4] developed a dynamic finite element for free vibration analysis of generally composite laminated beams. Their formulations incorporate the effects of Poisson's ratio, shear deformation, rotary inertia and coupling of extensional-bending and bending-torsional deformations. Recently, [8] developed a finite element model to predict the static and free vibration analyses for isotropic and orthotropic beams with different boundary conditions and length-to-thickness ratios. Based on higher-order shear deformation theory, [5] used the conventional finite element to analyze the free vibration behavior of laminated composite beams by considering the effects of rotary inertia, Poisson's effect, and coupled extensional and bending deformations. Reference [6] developed a two-noded C 1 finite element of eight degrees of freedom per node for flexural analysis of symmetric composite laminated beams. Reference [9] developed a two-noded beam element with four degrees of freedom per node based on higher-order shear deformation theory for coupled analysis of axial-flexural-shear deformation in asymmetric laminated composite beams. The beam element based on exact shape function matrix which is derived by satisfying the static solution of the governing equilibrium equations. Recently, [7] developed a two-noded C 1 finite beam element with five degrees of freedom per node to study the free vibration and buckling analyses of composite cross-ply laminated beams by using the refined shear deformation theory. Their formulations account for the parabolical variation of the shear strains through the beam depth and all coupling coming from the material anisotropy. A common feature to the previous studies is the use of approximate shape functions involving spatial discretization errors, and thus requiring fine meshes to converge to the exact results or/and exact shape functions based on static solution of the governing equilibrium equations.
I. Introductory Review on Finite Element Formulation
A number of researchers developed the finite element models technique to study the dynamic analysis of composite laminated beams. Most of the models are based on two approaches. In the first approach, formulations are based on approximate shape functions such as the work of [1]- [7] , and recently [8] . In the second approach, exact shape functions which are based on the static solution of the governing equilibrium equations, such as the work of [9] . Based on first-order shear deformation, [1] developed a finite element model to study the free vibration characteristics of composite laminated beams including the effects of shear deformation and bi-axial bending and torsion. Reference [2] presented a finite element model to investigate the natural frequencies and mode shapes of laminated composite beams. Reference [3] analyzed the composite laminated beams using a two-noded curved composite beam element with three degrees of freedom per node. The formulation incorporated Poisson's effect and the coupled flexural and extensional deformations together with transverse shear deformation. Reference [4] developed a dynamic finite element for free vibration analysis of generally composite laminated beams. Their formulations incorporate the effects of Poisson's ratio, shear deformation, rotary inertia and coupling of extensional-bending and bending-torsional deformations. Recently, [8] developed a finite element model to predict the static and free vibration analyses for isotropic and orthotropic beams with different boundary conditions and length-to-thickness ratios. Based on higher-order shear deformation theory, [5] used the conventional finite element to analyze the free vibration behavior of laminated composite beams by considering the effects of rotary inertia, Poisson's effect, and coupled extensional and bending deformations. Reference [6] developed a two-noded C 1 finite element of eight degrees of freedom per node for flexural analysis of symmetric composite laminated beams. Reference [9] developed a two-noded beam element with four degrees of freedom per node based on higher-order shear deformation theory for coupled analysis of axial-flexural-shear deformation in asymmetric laminated composite beams. The beam element based on exact shape function matrix which is derived by satisfying the static solution of the governing equilibrium equations. Recently, [7] developed a two-noded C 1 finite beam element with five degrees of freedom per node to study the free vibration and buckling analyses of composite cross-ply laminated beams by using the refined shear deformation theory. Their formulations account for the parabolical variation of the shear strains through the beam depth and all coupling coming from the material anisotropy. A common feature to the previous studies is the use of approximate shape functions involving spatial discretization errors, and thus requiring fine meshes to converge to the exact results or/and exact shape functions based on static solution of the governing equilibrium equations.
Although a large number of finite element studies dealing with the dynamic analysis of composite laminated beams are developed, it should be noted that no work is reported in the literature on dynamic analysis of symmetric laminated composite beams under transverse harmonic forces using finite element formulation based on exact shape functions which exactly satisfy the homogeneous closed form solution of the dynamic flexural equations of motion. Thus, the aim of the present study is to develop such an efficient finite element solution based on the exact solution.
II.
Governing Dynamic Bending Equations
Basic Assumptions
The following assumptions are considered in formulating the present theory:
o Cross-section is a rectangular section with the X axis taken as the longitudinal axis of composite beam, 
Displacement Fields
A straight composite beam of length L with a rectangular cross section of height h and width b , as shown in Fig (1) , is considered. The composite beam is composed of many laminates of orthotropic materials in different fibre orientations with respect to the X axis. The theoretical developments presented in this paper required one set of coordinate system which is the orthogonal Cartesian coordinate system ( , , ) X Y Z , for which the Y and Z axes are coincident with the principal axes of the beam, and X axis is coincident with the centroidal beam axis.
Figure (1): Geometry of a composite laminated beam
The assumed displacement field for a point ( ,y, ) p x z of height z from the centroidal axis of composite beam based on first-order shear deformation theory can be written as follows [4] : 
Strain Relations
The axial and shear strains of the composite beam based on small-displacement theory are written as: 
Constitutive Equations for Symmetric Laminates
The constitutive equations of the symmetric laminates (i.e., both geometric and material symmetry with respect to the mid-surface), in which the extension-bending 
where xz Q is the transverse shear force per unit length, k is the correlation shear factor and is taken as 5/6 to account for the parabolic variation of the shear stresses, and the constants 13 23 , GGare the shear moduli.
The laminated composite beam subjects only to axial and transverse forces and moments which cause a flexural deformation. In other words, forces or moments caused lateral and torsional deformations are negligible and set to zero, i.e., (8) are then replaced by the laminate stiffness coefficients 11 11 , AD , respectively.
Expressions for Force-Moment Functions
The laminated composite beam illustrated in Fig (2 ) is assumed to be subjected to axial and transverse harmonic forces and moments with exciting frequency  . These forces are given as: 
Expressions for Steady State Displacements Functions
Under the given transverse harmonic forces and moments, the steady state displacements are assumed to take the exponential form:
where () Ux, () Wxand () x  are the amplitude space functions for longitudinal, bending translation, and related rotation responses, respectively. As the present formulation is intended to capture only the steady state dynamic response of the system, the displacement functions postulated in equation (11) 
III. Hamilton Variational Formulation
The dynamic governing differential equations of motion for forced vibrations of symmetric laminated composite beams can be easily derived using Hamilton's principle. According to the Hamilton's principle the integration of the Lagrangian of a dynamical system on any arbitrary interval of time is stationary, i.e.,
where T is the total kinetic energy for the symmetric laminated composite beams, given by: 
, where k  is the k th layer mas density.
The total potential energy of symmetric laminated beam denotes by  and is the sum of the internal strain energy U and potential energy V gained by the applied forces. The internal strain energy is expressed by:
From equations (4) (5) and (8) 
The potential energy V of the applied harmonic axial and flexural forces, as shown in Fig (2) , can be given by:
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From equations (9) (10) (11) , by substituting into energy expressions (13), (15) and (16), and the resulting expressions into Hamilton's principle in equation (12), performing integration by parts, the governing dynamic equations are found to take the matric form: 
The boundary terms arising from integration parts of the Hamiltonian functional provide the possibly boundary conditions of the problem. They take the form:
The first partition in equation (17) 
IV. Exact Solution For Coupled Bending Equations
The exact homogeneous solution of the coupled bending equations governed by the second partition in (18) is obtained by setting the right-hand side of the equations to zero, i.e. 
The characteristic equation (24) which depends upon section properties, orthotropic material constants and exciting frequency has the following four distinct roots: 
V. Finite Element Formulation
In this section, a new finite beam element is proposed for dynamic analysis of composite sheardeformable beams with symmetrical laminates under various transverse harmonic forces and moments. Figure  ( 3) shows the proposed two-noded finite composite beam element with four degrees of freedom per element. A family of shape functions which exactly satisfy the homogeneous solution of the coupled dynamic bending equations is used to formulate the exact stiffness and mass matrices as well as the load potential vector.
Formulating of Exact Displacement Functions
In the present formulation, the vector of unknown integration constants   41 (Fig. 3 ), one obtains:
From equation (26), by substituting into equation (25), yields: 
  
. It is noted that the interpolation shape functions provided in equation (27) exactly satisfy the homogeneous solution of the coupled bending equations are dependent on the beam span, cross-section geometry, and the exciting frequency of the applied harmonic forces. 
Energy Expressions in Terms of Nodal Displacements
The variations of the total kinetic energy T  , internal strain energy U  , and work done by the applied harmonic forces V  for symmetric laminated composite beam are, respectively, obtained in terms of nodal degrees of freedom using equation (27) as: 
and,
Matrix Formulation
From equations (28-30), by substituting into Hamilton's principle in (13), performing integration by parts, one obtains: 
VI. Numerical Examples And Discussion
In this section, two examples are presented in order to show the validity, accuracy and applicability of the new finite element developed in the present study. The new finite beam element can (a) capture the quasistatic response when adopting a very low exciting frequency  compared to the first bending natural frequency 1  of the given beam (i.e., 1 0.01  ), and (b) predict the bending natural frequencies and mode shapes of the composite beam under harmonic force from the steady state dynamic response. The present finite element formulation is based on the shape functions which exactly satisfy the exact homogeneous solution of the coupled bending field equations. This treatment offer two advantages: (1) it eliminates mesh discretization errors arising in conventional interpolation schemes used in the finite element solutions and thus converge to the solution using a minimal number of degrees of freedom, and (2) it leads to elements that are free from shear locking. As a result, it is observed that, the of the present results obtained based on a new finite beam element using a single two-noded finite element per span yielded the corresponding results which exactly matched with those based on the exact closed-form solutions provided by Hjaji et al. [11] up to five significant digits. The results based on the present finite beam element (with two degrees of freedom per node) which accounts for shear deformation, rotary inertia, Poisson ratio and fibre orientation are compared with exact solutions available in the literature and Abaqus finite beam B13 element (with six degrees of freedom per node, i.e., three translation and three rotations) which accounts for the effects of shear deformation effects. The examples are investigated for symmetric laminated cross-ply and angle-ply composite beams with a rectangular cross-section and a variety of loading and boundary conditions.  at the cantilever tip against the exciting frequency are shown in Fig (5) . For comparison, Abaqus model based on 100 beam B31 elements are plotted on the same diagrams. Peaks on both diagrams indicate resonance and are then identify the natural flexural frequencies of the given cantilever composite beam. Thus, the first three flexural natural frequencies extracted from the peaks are given in Table 1 . The first three steady state transverse displacement and related bending rotation modes for symmetric Table 2 shows the quasi-static flexural response results for the maximum displacement 
Example 1 -Cantilever Beam under Distributed Harmonic Force -Verification

Quasi-Static Flexural Solution
Static and Steady State Dynamic Flexural Solutions
The quasi-static and steady state dynamic results for the nodal transverse displacement and related bending rotation plotted against the beam coordinate axis are presented in Figs. (8a-b) and (8c-d), respectively. It is observed that, the developed finite element solution results based on four beam elements with 10 degrees of freedom shows an excellent agreement with those results based on Abaqus model using 200 beam B31 elements with 1206 degrees of freedom. 
